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Using some recent results involving Young tableaux and matrices of non- 
negative integers [lo], it is possible to enumerate various classes of plane parti- 
tions by actual construction. One of the results is a simple proof of MacMahon’s 
[12] generating function for plane partitions. Previous results of this type 
[12, 4, 3, 8, 71 involved complicated algebraic methods which did not reveal 
any intrinsic “reason” why the corresponding generating functions have such 
a simple form. 
INTRODUCTION 
A plane partition of n is an array of non-negative integers 
nll n12 n13 . . . 
nzl n2:! n23 . . . (1) . . . . . . . . . 
for which &nij = n and the rows and columns are in non-increasing 
order: 
nij 3 %+l)i , nii 2 n&+1) , for all i,j > 1. 
If nii = 0 for all i > r, we call (1) an r-rowed partition. If nij = 0 for all 
j > c, it is c-columned. If nii < m for all i, j 2 1, we say the parts do not 
exceed m. If nij > ni(i+l) whenever nij # 0, then the non-zero elements of 
(1) are strictly decreasing in each row; we shall call such a partition strict. 
If rr, is the number of partitions of n with certain restrictions, then the 
generating function for nTT, is 
1 + 5 ?r,xn. (2) 
7L=l 
40 
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It is interesting to find a representation for (2) which does not involve V, . 
Since the rr,‘s are integers, there exist integers b, such that 
1 + f n,.X? = fi (1 - .P)b,. 
7L=l 1L=l 
(3) 
Constructive methods for studying (3) for plane partitions are almost 
non-existent, in contrast to the theory of linear partitions where such 
techniques were developed very early [14]. In 1916, MacMahon devoted a 
considerable part of his second volume of “Combinatory Analysis” to 
determining b, for r-rowed, c-columned partitions in which the parts 
do not exceed m. Recent work by Gordon and Houten [8] determined b, 
for strict r-rowed partitions. Gordon [7] solved the strict u-rowed case 
when all parts are odd. All these proofs involve complicated arguments on 
generating functions although the b,‘s are fairly simple. We will give 
combinatorial proofs of these results when P = co. We also solve (3) for 
strict partitions whose parts lie in an arbitrary set. If the number of rows 
or columns is also restricted, (2) will be expressed in terms of generating 
functions for linear partitions; in this case we do not know how to solve 
(3). The 2-rowed constructions of Cheema and Gordon [5] and Sudler [I 3 J 
are special cases of our methods. 
A generalized Young tableau of shape (pl , pz ,..., p,) where 
Pl I Pz 1 ... > > 3 p7 3 0 is an arrangement of p1 + pz + . . . + pr 
positive integers into m left-justified rows with pi elements in row i, where 
the numbers in each row are in non-decreasing order from left to right, 
and the numbers in each column are in strictly increasing order from top 
to bottom. Fortunately the relevant theory still holds if “non-decreasing” 
is replaced by “non-increasing” and “strictly increasing” by “strictly 
decreasing.” (The mapping 12 -+ --IZ provides a simple proof of this fact.) 
We will still call the result a Young tableau. Thus a Young tableau is the 
transpose of a strict partition. We shall need the following results of 
Knuth [lo]. 
THEOREM A. There is a one-to-one correspondence between Young 
tableaux P and symmetric matrices A of non-negative integers. In this 
correspondence, 
k appears in P exactly &aik times, 
and trace(A) is the number of columns of P having odd length. 
THEOREM B. There is a one-to-one correspondence between ordered 
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pairs (P, Q) of Young tableaux of the same shape and matrices A of non- 
negative integers. In this correspondence, 
and 
k appears in P exactly &ail, times, 
k appears in Q exactly .Ziahi times. 
THEOREM C. There is a one-to-one correspondence between ordered 
pairs (P, Q) of Young tableaux, such that the shape of P is the transpose of 
the shape of Q, and matrices of zeroes and ones. In this correspondence, 
and 
k appears in P exactly Zaaerc times, 
k appears in Q exactly &alci times. 
STRICT PARTITIONS 
Since a Young tableau is the transpose of a strict partition we can 
easily use Theorem A to prove the following: 
THEOREM 1. The generating function for strict plane partitions whose 
parts lie in a set S of positive integers is 
*g ((1 - xi)-1 n (1 - xi+q-1). (4) 
IES 
I>i 
COROLLARY (Gordon and Houten [8]). The generating function for 
strict plane partitions is 
Cl (1 - X~)-L(~+wl. 
COROLLARY (Gordon [7]). The generating function for strict plane 
partitions with odd parts is 
gcl - 
X2n-1)-l(l _ x2n)-[n/2]. 
This function also generates the number of symmetric plane partitions (i.e., 
nij = nj, in (1)). 
Proof. Partitions of the type desired in the theorem are in one-to-one 
correspondence with Young tableaux whose entries lie in S. By Theorem 
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A, there is a one-to-one correspondence between partitions of n of the 
desired type and symmetric matrices with non-negative integer entries 
such that, for any such matrix A, 
f&j = 0 if j$S; and &ja, = n. 
Hence the desired generating function is 
where the sum is over all matrices of the type described above. By re- 
writing we obtain 
The last part of the second corollary requires the well-known correspon- 
dence between partitions into distinct odd parts and self-conjugate 
partitions [9, p. 2781. This is applied to each row. I 
No result like Theorem 1 appears to exist when the strictness condition 
is removed. Perhaps 3-dimensional partitions which are “strict” in some 
sense could be enumerated. Practically nothing is known about solid 
partitions except that MacMahon’s conjecture [12, p. 17.51 is false [ 11. 
We now consider extensions of Theorem 1. The restriction that S consist 
of positive integers is irrelevant; we need only require that S be linearly 
ordered. (As can be seen from (4), the actual ordering is irrelevant.) Since 
the product n(l - x3-l in (4) comes from the diagonal of A, we can use 
Theorem A to show that the generating function for strict partitions with 
parts in S and exactly k odd rows is the coefficient of yk in 
We can also keep track of the occurrence of parts. In 
,IIs I(1 - xiy)-’ n (1 - ‘lixi)-‘1 
jes 
>i 
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the coefficient of ykxpx2... is the number of strict partitions of .Ziai such 
that i appears exactly ai times and there are exactly k rows of odd length. 
UNRESTRICTED PLANE PARTITIONS 
To obtain a generating function for unrestricted plane partitions, we 
shall make use of a straightforward generalization of a construction due 
to Frobenius [6, p. 5231; see also Sudler [13]. 
LEMMA 1. There is a one-to-one correspondence between linear parti- 
tions n, > iz2 > .. . 3 nk > 0 and ordered pairs of vectors (p, q) such that 
n, = p1 >pz > ... >pt > 0, 
k - 1 = q1 > q2 > ... > qt > 0, 
z(Pi + qi) = Jh . 
In this correspondence, another linear partition n,‘, n2’,..., satisfies nj’ > nj 
for all j > 1 if and only if pi’ 3 pi and qi’ > qi for all i > 1. (We take 
n,p, q to be 0 when the subscripts lie outside the range of de$nition.) 
Proof. An illustration of the Frobenius construction is given in 
Figure 1. Details are left to the reader. I 
n P 
4.... 4 
4 . . . . 
I 
3 
3 . . . 1 
1 - 
1 - 
1. 
9 5 1 0 
FIG. 1 
THEOREM 2 (MacMahon [12]). The generating function for r-rowed 
partitions with parts not exceeding m is 
Proof. In Theorem B, consider matrices with r rows and m columns. 
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In the corresponding Young tableaux, pij < m and qij < r. Apply the 
lemma for all j 3 1, with 
Pi = Pii 3 qi = qij - 1, and ni = lZ<j . 
This gives a one-to-one correspondence with r-rowed partitions with no 
parts exceeding m. The desired generating function is therefore 
;gx (i-l+hzij _ _ fi fi f X(i+j-l)aija i-1 j=l aij=o I 
A closer examination of the correspondence in the above proof yields 
the following mild generalization: 
THEOREM 2*. The generating function for r-rowed partitions with parts 
not exceeding m and with exactly k parts in the r- th row is 
k 1 _ Xm+j-l 112 r-1 
XTk fl 
j=l 1 - x9 
Proof. A column of the plane partition has r entries if and only if the 
corresponding Q tableau has an r in that column. Thus we want our genera- 
ting function sum to range over all r x m matrices with CaTj = k. The 
i-th row in our matrix corresponds to a partition of Zj(i - 1 + j) aii into 
Zfaij parts in the range i to m + i - 1. The generating function for i = r 
and Zavj = k is therefore 
x’k (1 - xm) ... (1 - xm+k-1) 
(1 - x) *.. (1 - x”) . 
With r = 3, k = 1, and m = co we obtain the peculiar: 
COROLLARY. The generating function for three-rowed plane partitions 
with exactly one part in the third row is x~P(x)~, where p(x) is the generating 
function for linear partitions. 
STRICTPARTITIONS OF GIVEN SHAPE 
In Theorem 1 we gave a simple generating function for strict partitions 
whose parts lie in a set S. In this section we enumerate those which have a 
given shape. When S is the positive integers we obtain a formula of Gordon 
and Houten [8, Part II, Eq. (3)] for r-rowed partitions which they sim- 
plified after considerable work. With S the odd positive integers we obtain 
Gordon’s r-rowed result [7], which also required considerable algebra 
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to put in a simple form. Unfortunately, we do not know how to avoid this 
algebra. 
Let p = (pl ,..., pr) be the shape of a Young tableau and let v E Z”, the 
n-tuples of integers. Define A@, v) to be the number of ways to fill the 
shape p to obtain a Young tableau containing exactly vi copies of i for 
1 < i < n. Clearly N(p, v) = 0 if some ra: < 0, or if p has more than n 
rows, or if ,Z’vi # Zpj . Define E(V) to be zero if v contains two equal 
components; otherwise E(V) = + 1 or -1 according as the permutation 
which arranges the components of v into ascending order is even or odd. 
In particular, 
41, L., n)) = +l and E((I~, n - l,..., 1)) = (-l)n(n-1)/2. 
LEMMA 2 (Blaha [2]). Let rk = n - k and ik = k - 1 for 1 < k < n, 
let p and q be shapes of n-rowed tableaux, and let 17(q) be all permutations 
of q. Then 
Jl,, 49 Nrh v - i> = a;+ , 
where 6 is the Kronecker delta. 
Proof. Blaha has proved a result equivalent to this lemma by using 
group-theoretical calculations; we will present a combinatorial proof. Let 
Nk@, v) be the number of Young tableaux of shape p containing exactly 
vi copies of i and such that thej-th row consists entirely of copies of 
12 + 1 - j for 1 < j < k. Let N,(p, v) = N(p, v). We will prove that 
vEz,, 44 Np, v - i) = 
for all k, by induction on k. Since 
if v = (Pn ,hl ,.-,pd, 
otherwise, 
the lemma will follow. 
Let k 3 0 be fixed, and let T be a tableau which contributes to N,(p, v) 
but not to N,+,(p, v). This means that the (k + 1)-st row of T contains an 
entry smaller than n - k. Let m be the minimum entry in row k + 1. We 
will now give an involution which maps T into a tableau S counted in 
Nk@, n) but not in Nk+l(p, u), where 
ui=vifori#m,m+l, 
24 m= v,+1 + 1, 
u n+1 = vm - 1. 
This will complete the proof since E(U + i) = -<(v + i). 
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Replace the leftmost m in the (k + 1)-st row of T by m + 1. The result 
is still a Young tableau, say R, since the k-th row of T contains only the 
elementsn + 1 -k >m + 1,andu + iED(q)ifandonlyifv+ ien( 
Any three consecutive rows of a Young tableau R have the form shown 
in Figure 2, where 0 < a < b < c < d, x > m + 1, and m > y, z. 
(Obvious conventions are used when i = 1 or when j + c = 0.) 
Col. j+l 
\ 
j+a j+b jCc jfd 
Row . 
i-l : 
~p+p;l :;:..il m...m~=$::: 
FIG. 2 
We now define 
Sik = 
I 
m+ 1, j+a<k<j+a-b+c, 
m, j+a-b+ctk<j+c, 
rile , otherwise. 
When carried out for 1 < i < 12, this rule defines a map cpm : R + S on 
tableaux such that 
(1) R and S have the same shape; 
(2) rif = sij if rii # m, m + 1; 
(3) rii = sij if sij # m, m + 1; 
(4) the number of {myl}‘s in R equals the number of {“?A’}‘s in S. 
Clearly p),,, is an involution, Since the smallest entry in the (k + I)-st 
row of S is m, it is readily verified that the map T -+ S is an involution. 1 
COROLLARY [I 1, lo]. If v E Z”, p is the shape of a tableau, and rr 
permutes(1, 2 ,..., n], then 
N(P, v) = N(P, r(v)) 
where TV = II,,(~) . 
Proof. The map qua introduced in the proof of the lemma shows that 
we may interchange urn and v,+~. I 
COROLLARY. Let p, q, s be tableau shapes. Define 
iV-l)(s, q) = C c(v + i) 
5824r3lr-4 
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where the sum ranges over all v E 17(s) such that v + i E l7(q + r). Then 
8; = c N(p, s) N-y% q). 
s 
THEOREM 3. The generating function for strict plane partitions of shape 
p E Zn all of whose parts lie in S is 
det I ah - i + j, x)1,” , 
where a(k, x) is the generating function for linear partitions into exactly k 
distinct parts all lying in S. 
Proof. Let b(p, X) be the generating function. By the previous lemma 
this is 
c W% 4 c 49 wl, v - i) = C 49 C b(q, 4 Nq, v - i), 
a ” v q 
where q ranges over all shapes and v ~17(p + r). 
The inner sum can be evaluated by Theorem C : Let b(q, X) be associated 
with the tableau P and N(q, v - i) with Q. The shape of Q is q. We get 
r-rowed 0 - 1 matrices where aij = 0 if j $ S and Zja;j = vi - i + 1. 
Thus the i-th row of the matrix corresponds to a partition into exactly 
vi - i + 1 distinct parts, all of which lie in S. Thus 
b(p,x)=Cc(v)~a(v,-k+l,x) 
Y k=l 
= c E(r(r)) kQ a(pk -t n - k - T(i)k + 1, X> 
a 
= c449) cl 4pk - k + 1 + Mk ,x1 77 
=detIa(pi-i+j,x)l;, 
where ad = w,,(+ I 
COROLLARY. The generating function for r-rowed strict plane partitions 
with parts in S is 
C det I a(va + j, x)1;. (5) 
vl>...>t$ 
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THEOREM 4. The generating function for strict plane partitions whose 
shape is the transpose of p E Z” and all of whose parts lie in S is 
where h(k, x) is the generating function for linear partitions into exactly k 
parts all lying in S. 
Proof. The proof is similar to that for Theorem 3, but Theorem B is 
used instead of Theorem C. I 
COROLLARY. The generating function for c-columned strict plane 
partitions with parts in S is 
C det I W + j, $1; (6) 
V1>...>O* 
We are now faced with evaluating (5) and (6). This appears to be a 
difficult problem, although Gordon and Houten have shown how to 
simplify the equations to some extent. 
LEMMA 3 (Gordon [7]). Let ak , -co < k < 00, be any sequence. 
Define 
s = &a, 
Then 
C det I a,i+j I? = det I c+ + c~+~-~ 1,” , 
+J1>...>llan 
c det 1 a,i+j Iy+l = s det I ci+ - cog 1;. 
vl>...>vmil 
Proof Gordon [7] proves this when 
a, = xn* fi (1 - $i)-1, 
i=l 
but his steps are completely general and prove the lemma. 
Two values of S are of particular interest in Theorem 3 : 
S = (1, 3 ,..., 2m - 11, 
S = {I, 2 ,..., m}. 
I 
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Various special cases have been evaluated: 
m = co (Gordon [7], Gordon and Houten [8]), 
r = co (Theorem I), 
r = 1 (well known). 
Let (3, denote the generalized binomial coefficient: 
(1 - x”)(l - p-l) . . . (1 - p--L+y 
(1 - x)(1 - X”) *** (1 - x”) . 
By a straightforward generalization of the methods of Gordon and Houten 
[8] and Gordon [7], we obtain the following determinants for the genera- 
ting function g,(x) of r-rowed strict partitions: 
S = {I, 3 ,..., 2m - l}, S = (1, 2 ,..., m], 
.s = (1 + x)(1 + x3) *.* (I + x2+1), s = (1 + x)(1 + x”) ... (1 + xm), 
g2,(4 = I G-j + ci+j-1 II” 3 g2&) = 10 - &l) Yi-i + Yi+j-1 I:, 
g,,+,(x) = s I G-i - G+i I", 3 g,n+dx) = s I Yi-i - Yi+j 1,“. 
We have not been able to simplify these determinants any further, even 
for the limiting case as x + 1 (when only the number of elements in S is 
relevant). But the known results, and calculations for small r, give over- 
whelming empirical evidence that the answer has a simple form. 
MacMahon [12, p. 2701 conjectured that the generating function for 
r-rowed strict partitions with odd parts, none exceeding 2m - 1, is 
(7) 
We conjecture that r-rowed strict partitions with no part exceeding m are 
generated by 
(8) 
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SYMMETRIC FUNCTIONS 
Most of the preceding can be expressed in the language of symmetric 
functions. This approach leads to combinatorial proofs of results on 
Schur functions. Most of these can be found in Littlewood [l 11, where they 
are proved by group theoretic means. We will only sketch the symmetric 
function viewpoint. 
Let x = (x1 ,..., xn) and y = (ul ,..., vm) be vectors of formal variables. 
We define the following symmetric functions: 
L&(x) = ZXil ... xilc where l<i,<**.<ik<n 
(combinations without repetition); 
(combinations with repetition). 
If p is a tableau shape, define the symmetric functions 
a@, x) = a,,(x) a,,(x)... ; 
MP, 4 = h,,e4 k&4..; 
f(p, x) = Zx~xi”,” . ..) 
summed over all distinct 
terms with iI , iz ,... distinct; 
094 = -qNP, &%I, x)9 
summed over all tableau 
shapes q. 
Since N(p, n(q)) = N(p, q), t enumerates tableaux. Define the anti- 
symmetric function 
Ll(p, x) = c E(?T) x;;l;lx;;g2 . .. , 
77 
where E(T) is the sign of the permutation VT. 
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Let n = ] S 1 ; then Theorem 1 is essentially Theorem A rewritten in 
the form 
with xi = xs’ . 
As remarked in [lo], Theorem B and C can be written, respectively, as 
3 i (1 - xix&’ = c 4lh xl t@, y), 
D 
where pT is the partition conjugate to p, i.e., (P’)~ is the number ofj for 
which pi 3 i. One may also write Theorems B and C in the form 
and 
; MP, ci> t(p, x) = h(q, x) 
1 N(PT> 0 t(p, x) = @l, x), 
R 
by considering matrices with given row sums. If these equations are 
inverted, Theorems 4 and 3 result. 
We will show that 
c NPT, Q) d(P, x) = a(q, x)&X x). 
D 
Since the N matrix is non-singular, this, together with the interpretation 
of Theorem C just given, provide a combinatorial proof that 
t(p, x) = d(P, x)/0, x). 
This is the “Schur function” [ll, p. 871. Naegelsback [ll, p. 891 proved 
Theorem 3 for Schur functions, and Jacobi [l 1, p. 871 proved Theorem 4 
for Schur functions. The above relation between t and A was discovered 
by Littlewood [ 11, p. 1911, so he was probably aware of Theorems 3 and 4. 
Clearly 
G4 A@, xl = CA@ + e, x), 
e 
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where e ranges over all vectors of zeroes and ones with Zei = k. Since 
&,x)=Oifqi+l=qi+l, 
UkW 4P, x) = c4, x), 
where s ranges over all shapes obtainable from the shape p by bordering 
it with k elements, no two in a row. Induction on the number of compo- 
nents of q which are non-zero completes the proof. 
REMARKS 
The r-rowed c-columned plane partitions with no part exceeding m are 
given by [12, p. 1871 
We do not see how to prove this combinatorially, but it may be possible to 
do so using an argument like those used in Theorems 1 and 2, because [lo] 
the first row in a tableau associated with a matrix A by Theorem A or B 
has length 
max C a+, 
k 
taken over all sequences where (il , j,) = (1, 1) and 
(jkfl , jk+l) - (ik ,jk) = (1) 0) or (0, 1). 
It is plausible that (7), (8), and (9) could all be proved by using this fact. 
The generating function for plane partitions with distinct parts can be 
found using Young tableaux. The number of m-dimensional partitions of 
n with distinct parts all lying in a set S is clearly given by 
(10) 
where 
qk(n) is the number of linear partitions of n into exactly k distinct 
parts all lying in S; 
a,(k) is the number of arrangements of k distinct numbers into an 
m-dimensional partition. 
It is well known that 
Fk qk@) xnYk = fi c1 + xiY). (11) 
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Clearly a,(k) = 1. By Theorem A, a,(k) is the number of symmetric 
k x k permutation matrices. This is the number of involutions on 
{1,2,..., k}, which has the well-known generating function 
C a,(k) $ = es+s2/2. 
We do not know the value of a,(k) nor do we know how to use (11) and (12) 
to simplify (10). 
By Theorem C, the generating function for partitions strict in both 
rows and columns is 
where A ranges over all 0 - 1 matrices such that P = QT in the corre- 
spondence. Unfortunately no parallel for Theorem A is known. 
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